In this paper, we examine the obstructions to the solvability of certain embedding problems with the generalized quaternion group over arbitrary fields of characteristic not 2. First we consider the Galois embedding problem with abelian kernel in cohomological terms. Then we proceed with a number of examples in order to illustrate the role of the properties of the base field on the solvability of the embedding problem. ᮊ
INTRODUCTION
Let Krk be a finite Galois extension of fields with Galois group F and let
be an extension of finite groups. The corresponding embedding problem Ž . Krk, G, A then consists of determining whether or not there exists a Galois algebra L over the field k containing K in such a way that Ž . G ( Gal Lrk and the homomorphism of restriction to K of the automorphisms from G coincides with ␣. For abuse of notation we also call Ž . ) the embedding problem.
However, the classical formulation of the embedding problem is for Ž Galois extensions as solutions. It is clear that a necessary condition we . Ž. call it an obstruction for the solvability of ) in terms of Galois algebras Ž . Ž . is also a necessary condition an obstruction for the solvability of ) in terms of Galois extensions. Such a necessary condition is the compatibility condition found by D. K. Faddeev and H. Hasse.
We give one of its many forms. Namely, let G = K be the crossed product algebra of the group G and the field K. We say that the group G is compatible with K or the compatibility condition holds for the embed-Ž . ding problem ) if and only if G = K is isomorphic to the matrix algebra < < Ž w x . of order F over a subalgebra see ILF, II, Sections 1 and 2 .
If the field k has a characteristic p ) 0, A is a p-group; then the Ž . w x problem ) is always solvable by ILF, Theorem 3.10 , and the solvability Ž . of ) in terms of Galois extensions depends only on the rank of the w x groups involved by the famous Witt's result Wi .
Therefore, we will assume the group A, which is called the kernel of the Ž . embedding problem ) , to be abelian of order relatively prime to the Ž . characteristic of the base field k. Then the existence of a solution of ) in terms of Galois algebras is a purely cohomological problem and we give cohomological interpretation of the embedding obstructions to the associated problems. We also give examples with the generalized quanternion group.
In Sections 6 and 7 we consider the quaternion groups Q and Q ,
dealing only with Galois extensions of fields with characteristic not 2. The obstructions to the realizability of groups of order a power of 2 as w well as explicit solutions and additional results can be found in GSS, GS, x Ki, Le1 . It is known that the realizability of these groups over k is linked Ž . to the splitting of certain products of quaternion algebras in Br k .
Ž . We will denote by a, brk , a, b g k*, the quaternion algebra generated over k by two anticommuting elements i and j such that i 2 s a, j 2 s b Ž . Ž . Ž . and by a, b the equivalence class of a, brk in the Brauer group Br k . Ž . Ž . We say that a, brk splits if and only if a, brk ( Mat kᎏthe matrix 2 Ž . Ž . algebra; i.e., a, b s 1 g Br k . The following two well-known facts about quaternion algebras are often useful.
All necessary results about the Brauer group and quaternion algebras w x can be found in La . Now we give two definitions concerning the quadratic structure of the base field k.
Ž .
DEFINITION. The level s k of the field k is the least positive integer n such that y1 can be expressed as a sum of n squares.
DEFINITION. An element a g k* _ k U 2 is rigid if the set of elements in ² :
k represented by the quadratic form 1, a is precisely k j ak .
Obviously, a is rigid if and only if there exists
Ž . and b are independent mod k and a, yb s 1 g Br k .
² < n : We denote by C s s 1 the cyclic group of order n, and Ž . Ž . Hom A, K * and make it an F-module by a s a , for g A, a g A, g F. Everywhere we mention the character group we will assumê w x that K contains the necessary roots of unity. Let Z A be a free abelian group with generators e which we make an F-module by the setting e s e . Then there is an exact sequence of F-modules ˆŵ x 0 ª V ª Z A ª A ª 0;ŵ x here the epimorphism Z A ª A is defined by e ¬ , and the kernel V is a free abelian group generated by the elements e q e y e , By the natural epimorphism F ª F all F-modules become F-modules.ŵ x The exact sequence 0 ª V ª Z A ª A ª 0 implies, by the completeness U of the multiplicative group k of k, the exact sequence III, Section 13.3 , this exact sequence implies the exact cohomology sequence
We call the element s ␥ c the first obstruction. Its triviality s 0 is Ž . necessary for the solvability of the problem Krk, G, A . When the first Ž . obstruction is trivial the compatibility condition there exists a unique
such that c s ␤ . We call the element the second obstruction. Its triviality s 0 is necessary and sufficient for the Ž . solvability of the problem Krk, G, A .
Applying the Hochschild᎐Serre theorem on cohomology lifting, we obtain the exact sequence
Ž .
Ž .
1 Ž Ž . . Since H R, Hom V, k* s 0 we have by the arguments given before w x ILF, Theorem 3.13.3
Fŵ
x The exact sequence 0 ª V ª Z A ª A ª 0 also implies the exact sequence for Ext, 1ˆ1 2ŵ
Ext A, K * . This fact is useful, given additional information about the FF -module structure of the character group A.
THE BRAUER PROBLEM

² :
Let A s a be a cyclic group of order n, and let g K be a primitive nth root of unity. Then
is a preimage of in G the problem Krk, G, ² :. A s a is called the Brauer problem. Applying the techniques in the w x previous section we can give another proof of ILF, Theorem 3.1 . THEOREM 3.1. For the Brauer problem, the compatibility is sufficient for sol¨ability. y e s " mod U by the above arguments. Therefore VrU ( ⌺Z ,
. of several copies of K *, and H F, Hom VrU, K * s 0. The exact sequence 0 ª U ª V ª VrU ª 0 implies, by applying Hom and then cohomology, the exact sequences 
Since the problem is Brauer, we need only to examine the compatibility ² : condition. The character group is generated by a element , wherê i Ž . Ž .
Further,
Whence,
y 1 l s y y 1 l l and y 1 l s yl , the elements l and 
Ž . 
ASSOCIATED PROBLEMS OF THE FIRST KIND
An embedding problem whose solvability is necessary for the solvability of a given problem is called an associated problem.
Let : A ª A be an F-homomorphism. 
Ž . Similarly, the commutative diagram second kind. It is clear that a solution of the initial problem is also a solution to the associated problem of the second kind. 
res res res Clearly, we can always reduce an embedding problem with abelian kernel to an embedding problem with abelian p-kernel, p being a prime Ž w x . known as the first Kochendorffer theorem ILF, Theorem 3.5 . Now, let A be an abelian p-group, and let F be a Sylow p-subgroup in The two Kochendorffer theorems in effect reduce the embedding problem with abelian kernel to the embedding problem for p-groups.
THE QUATERNION GROUP OF ORDER 8
From now on we deal only with Galois extensions over fields with characteristic not 2. In this section, we examine the obstructions to certain embedding problems for the quaternion group of order 8, given by the 
if and only if the problem
has a solution K > K and the problem
Now, let us consider the embedding problem
Ž . ' '
Ž . Ž . dent mod k* ; otherwise s k F 2.
THE QUATERNION GROUP OF ORDER 16
Similarly to the previous section, we consider the quaternion group of ² Ž .
Ž . As before, given the extensions
Ž . Ž . 
